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We present a simple model of an overdamped particle moving on a two dimensional symmetric
periodic substrate with a dc drive in the longitudinal direction and additional ac drives in both
the longitudinal and transverse directions. For certain regimes we find that a finite longitudinal dc
force produces a net dc response only in the transverse direction, which we term absolute transverse
mobility. Additionally we find regimes exhibiting a ratchet effect in the absence of an applied dc
drive.
PACS numbers: 05.60,-k, 05.45.-a, 74.25.Qt, 87.16.Uv
I. INTRODUCTION
When an overdamped particle is driven with a dc drive,
it moves in the direction of the drive, and in the absence
of any other external forces the particle velocity increases
linearly with the drive. If there is some form of pinning
from a substrate, then in general for a finite range of
low drives the particle will be immobile or pinned [1,2].
For higher drives in the presence of pinning the velocity
vs force curves can be highly nonlinear [1,2]. For cer-
tain asymmetric substrate potentials, the particle speed
can decrease with increasing applied drive, an effect that
is termed negative differential resistance [3]. Such ef-
fects can also occur for collections of classical coupled
particles interacting with periodic substrates [4]. In ad-
dition a particle may exhibit a finite average dc velocity
in the absence of any external dc drive. This is often
referred to as a ratchet effect, which can be thermal [5]
or deterministic [6]. Typically in ratchet systems there
is some form of underlying asymmetric potential which
leads to a spatial symmetry breaking if the potential is
flashed or if an additional external ac drive is present. In
the case of absolute negative mobility, when the particle
is driven in the positive direction, its motion is in the
opposite (negative) direction. Examples of this occur in
ratchet systems composed of coupled particles, where the
collective effects produce the negative mobility [7]. More
recently a spatially symmetric two-dimensional (2D) sys-
tem was found which exhibits absolute negative mobility
for a single classical particle [8]. Many of these phenom-
ena, such as negative differential resistance and absolute
negative mobility, also occur in various semiconductor
devices, where they arise due to quantum effects [9].
In a 2D system, there are additional possibilities for the
motion of an overdamped particle which are not available
in 1D systems. Under an external dc drive in the longitu-
dinal or x direction, the response can be a finite velocity
in the y or transverse direction only. We call such a phe-
nomenon absolute transverse mobility.
In this work we present a simple model for a driven
classical overdamped particle moving in a 2D symmet-
ric potential that exhibits a variety of dynamical behav-
iors, including phase locking, absolute transverse mobil-
ity, and ratchet effects. Additionally we find reentrant
pinning phenomena where the moving particle becomes
pinned upon increasing the drive. Our system consists
of a particle moving over a symmetric periodic potential
with an applied dc drive in the x-direction and two ad-
ditional ac drives in both the x and y directions. We set
the amplitudes and frequencies for the two ac drives sep-
arately, and also consider highly nonlinear combinations
of the ac drives which produce asymmetric closed orbits.
In all cases, in the absence of a substrate and dc drive
the average dc particle velocity is zero. Previous work on
a similar system was performed with much simpler circu-
lar particle orbits, produced by setting the amplitudes of
both ac drives equal to each other and fixing the phase
difference at 90◦ [10].
In the previous work, several symmetrical phases were
observed where the particle moves in both the transverse
and longitudinal direction simultaneously when the dc
drive is applied only in the longitudinal direction. In the
current work we consider the case where the amplitudes
or frequencies of the two ac drives are different. Here a
far richer variety of classical closed orbits are realizable.
The best examples of such orbits are Lissajous figures in
which different sinusoidal orbits are plotted against one
another.
Our results should apply to vortices moving in super-
conductors with periodic pinning arrays or Josephson
junction arrays [11–15] when ac currents are applied in
both the transverse and longitudinal directions. Addi-
tionally, the behavior described here should be observable
in colloids moving over 2D periodic light arrays [16,17] or
through dynamically manipulated arrays of holographic
tweezers [18]. Further systems include biomolecules mov-
ing through periodic arrays of obstacles with two applied
electric fields [19], electrons in a strong magnetic field
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moving through 2D antidot arrays with an additional ac
drive to elongate one direction of the electron orbit [20],
or ions moving in dissipative optical trap arrays [21] with
ac applied fields. In the case of superconductors our re-
sults can also have applications for the controlled motion
or removal of flux from superconductors and SQUIDs.
For colloids and biomolecules our results could provide a
useful method for separating different particle species.
II. MODEL
In our model we consider an overdamped particle mov-
ing over a 2D periodic substrate. The equation of motion
is:
f = fs + fDC + fAC = η
dr
dt
(1)
with the damping constant η = 1. The assumption of
overdamped motion should be valid for vortices in super-
conductors or Josephson junction arrays as well as for
colloidal systems. The substrate consists of a periodic
square array of obstacles with lattice constant a. The
force from the substrate, composed of a fixed square ar-
ray of repulsive particles, is fs =
∑
−∇U(x, y). This sub-
strate can be realized in superconductors with a square
periodic array of holes [11,12] or magnetic dots [14] when
each site captures one vortex and additional vortices sit
in the interstitial regions between the sites. The inter-
stitial vortices move in a periodic potential created by
the repulsive interaction from the pinned vortices so that
U(r) = F0 ln(r) for r ≪ 2λ
2/d. Here forces are mea-
sured in units of F0 = Φ
2
0d/16piλ
2, where Φ0 is the flux
quantum, d is the film thickness, and λ is the London
penetration depth. This potential can be treated as in
Ref. [22]. The motion of interstitial vortices has been
directly imaged in experiments with this geometry [12],
and phase-locking effects, dc, and ac driven interstitial
vortex motion have also been observed [13]. For most of
the results presented here we use a system of size 8a×8a.
For larger systems we observe the same results, indicat-
ing that our system is large enough to capture the essen-
tial physics. We have tested different initial conditions
by placing the particle at different locations at the start
of the simulations and find that the general results are
unchanged. Additionally, we have considered other po-
tentials, such as those created by fixed Coulomb charges
or Yukawa potentials, and find that they produce the
same phases.
Throughout this work the dc drive fDC=fDCxˆ is ap-
plied along the positive longitudinal (x direction) sym-
metry axis of the pinning array. The ac drive is applied
in both the x and y directions and is given by
fAC = A sin(ωAt)xˆ−B cos(ωBt)yˆ. (2)
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FIG. 1. The longitudinal particle velocity Vx/aω (heavy
lines) and transverse particle velocity Vy/aω (light lines)
vs applied dc drive fDC = fDC xˆ for ac amplitudes (a)
A/B = 0.875, (b) A/B = 0.625, and (c) A/B = 0.375.
Note that there is no dc driving component in the trans-
verse or y direction. In the first part of this work we set
ωA = ωB, fix B = 0.24, and vary A. For A = B the
particle moves in a clockwise circle just large enough to
encircle one maximum of the substrate potential. As A
decreases the particle orbit becomes elliptical with the
long side in the y-direction. We monitor the time aver-
aged particle velocity Vx =
1
TN
∑T
t=0
∑N
i=0 vi(t)·xˆ, where
T is the period andN is the number of particles, and sim-
ilarly the time averaged transverse velocity Vy as fDC is
increased from 0 to 1.0 in increments of 2.5× 10−4, with
3× 105 time steps spent at each drive to ensure a steady
state. Time is measured in units of t0 = η/F0. We also
investigate ωB 6= ωA for varied ac amplitude. In this case
we find a ratchet effect.
III. ABSOLUTE TRANSVERSE MOBILITY
In Fig. 1 we plot Vx (heavy line) and Vy (light line)
vs fDC for different values of A/B at fixed ωA/ωB = 1
and a = 1.42λ. In Fig. 1(a) at A/B = 0.875, Vx = 0
for fDC < 0.03, indicating that the particle is pinned in
the x-direction. For fDC ≥ 0.03, Vx increases in a series
of steps of height aω. These steps are a signature of the
phase locking which occurs due to resonances between
the applied ac frequency and the washboard frequency
generated as the particle moves over the periodic sub-
strate. As shown in Fig. 1(a), Vy has a finite value of
Vy = aω for fDC < 0.03, indicating that even though
the dc drive is strictly in the x-direction the particle is
moving strictly in the y-direction. In analogy with the
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FIG. 2. The particle trajectories (black lines) for a fixed
time interval for the system in Fig. 1(a) with A/B = 0.875.
The black dots are the potential maxima from the periodic
substrate. (a) fDC = 0.025, Phase IIy; (b) fDC = 0.0375,
Phase IIIx−y; (c) fDC = 0.06, Phase IVx; and (d)
fDC = 0.125, Phase IIIx−y.
phenomena of absolute negative mobility, where a parti-
cle moves in the opposite direction of an applied driving
force, we term the strictly y direction motion absolute
transverse mobility. For large enough drives, fDC ≥ 0.16,
the motion is strictly in the x direction. At intermedi-
ate drives 0.03 < fDC < 0.16, different dynamical phases
appear. For 0.045 < fDC < 0.065 the particle moves
in the x-direction only, while for 0.07 < fDC < 0.158,
Vx = Vy , indicating that the particle is moving at 45
◦
with respect to the drive. There is also a small region
near fDC = 0.035 where 45
◦ motion occurs. In Fig. 1(b)
for A/B = 0.625 there is a clear pinned phase at low fDC
where both Vx and Vy are zero. As we increase the drive,
we observe the same phases shown in Fig. 1(a), with the
boundaries shifted. Near the transitions of these phases,
smaller steps in Vx and Vy can occur with height paω/q
where p and q are integers. In Fig. 1(c), for A/B = 0.375,
45◦ motion no longer appears. Instead, there is a remark-
able reentrant pinned phase for 0.1385 < fDC < 0.148.
As fDC increases, the particle is first pinned, then moves
in the y-direction, is repinned again, and finally moves in
the x-direction.
We next consider the particle trajectories in these dif-
ferent phases. We term the pinned regime Phase Ip, the
absolute transverse mobility regime Phase IIy , the 45
◦
motion regime Phase IIIx−y, and the strictly x direction
motion Phase IVx. In Fig. 2 we illustrate these phases
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FIG. 3. Dynamic phase diagram for A/B vs fDC for a sys-
tem with ωA = ωB . Phase Ip: pinned phase. Phase IIy:
motion only in the y-direction. Phase IIIx−y: motion at 45
◦.
Phase IVx: motion only in the x-direction.
for fixed values of fDC from the system in Fig. 1(a) with
A/B = 0.875. The black lines are the trajectories of
the moving particle and the black dots are the poten-
tial maxima of the underlying periodic substrate. Figure
2(a) shows the trajectory of the moving particle in Phase
IIy at fDC = 0.025. In every period the particle makes
a small loop, but the net motion of the particle is in
the positive y direction only. In Phase IIIx−y, shown
in Fig. 2(b) for fDC = 0.0375, the particle moves equal
distances in the x and y directions. At fDC = 0.06, il-
lustrated in Fig. 2(c), the Phase IVx motion is strictly in
the x direction, and the particle translates a distance a
every period. In Fig. 2(d) we show the reentrant Phase
IIIx−y flow for fDC = 0.125, very similar to that seen in
Fig. 2(b). For higher drives fDC > 0.16, the motion is
strictly in the x direction and is similar to Fig. 2(c).
For the simulations shown in Figs. 1 and 2, the particle
initially begins in the center of the plaquette with zero
dc drive. We considered the effect both of using different
starting locations, and of setting fDC to a finite initial
value. In each case we find that the particle quickly set-
tles into a regular orbit. The orbits that appear when Vx
or Vy are constant correspond to the same periodic, phase
locked attractor orbits that were obtained previously in
Figs. 1 and 2. We do find some non-periodic orbits in
the regions where Vx or Vy are not constant, such as in
the transition regimes between the different phases.
We performed a series of simulations at different values
of A/B to identify the onset of the four phases as a func-
tion of fDC . In Fig. 3 we present the resulting dynamic
phase diagram A/B vs fDC which shows a very rich
structure. For A/B = 0 the system depins directly into
Phase IVx and there are no phases that involve motion
in the y-direction. Phase IIy first occurs for A/B > 0.03,
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and gradually increases in width until A/B ≈ 0.43, when
Phase IIIx−y appears. The reentrant pinning Phase Ip
decreases in size and then disappears over this same in-
terval. There is also a small region around A/B >∼ 0.43
where Phase IIy and Phase IIIx−y are both reentrant. A
reentrant tongue of Phase IVx at low drives appears for
A/B > 0.55. At all values of A/B, the flow at large fDC
is strictly in the x direction (Phase IVx). The width of
the pinned Phase I∗p increases upon approachingA/B = 1
from below since the almost circular particle orbit around
one potential maximum is highly stable. Motion in the y
direction (Phase IIy) still appears for the symmetric ac
drive A/B = 1 due to the fact that the particular chiral-
ity of the ac drive breaks the reflection symmetry across
the y axis.
For A/B > 0.6, the sliver of reentrant Phase IIIx−y
falling between Phases IIy and IVx becomes gradually
smaller as A/B increases until it vanishes above A/B =
0.88. The transition from Phase IIy to Phase IVx at
higher values of A/B > 0.88 occurs in a very small win-
dow of of fDC but is not completely sharp. Instead there
is a small region where the flowing particle moves in both
the x and y direction but at an angle less than 45◦. The
flow is intermittent and jumps among different orbits or
angles. We have also considered the effect of starting the
particle at a nonzero fixed fDC in the transition region
between Phases IIy and IVx and find that the flow will
settle quickly to Phase IIy or IVx.
We now consider the conditions under which transverse
mobility and the reentrant pinning can occur, and indi-
cate where the boundaries between the different phases
are expected to fall.
Pinned phases Ip and I
∗
p: The particle remains in the
pinned phase Ip as long as the combined dc and maxi-
mum ac components are less than the confining barrier
produced by the repulsive obstacles. This barrier has a
strong angular dependence due to its egg-carton shape,
and the lowest points of the barrier fall at the center
of each of the four sides of the plaquette, at x±
min
and
y±
min
, where the x- or y-confining forces pass through a
minimum. The largest thresholds occur for a particle
trajectory along a 45◦ angle passing through the poten-
tial maximum. At A/B ≈ 0.88, a transition to a new
pinned phase I∗p occurs. For A/B < 0.88, the pinned
particle orbit is contained inside a single plaquette. For
A/B > 0.88, the orbit becomes too large to fit inside
the plaquette, and the particle switches to a larger orbit
centered around one of the potential maxima.
Transition from Ip to IIy: For A = 0 and fixed B, the
particle orbit consists of a single line extending from the
top to the bottom of the plaquette, close to the mini-
mum y-confining force points of the potential, y±
min
. Due
to this proximity induced by the y-component of the ac
drive, the particle depins in the y-direction before it de-
pins in the x-direction for nonzero values of A, and enters
phase IIy. The particle hops from one plaquette to the
next plaquette in the positive y-direction during a brief
interval at the end of the rising phase of the particle
orbit. In order to make this hop, the particle must be
moving rapidly enough to reach the next plaquette be-
fore the ac phase reaches the downward portion of the
cycle. Increasing fDC or increasing A both contribute
to increasing the velocity of the particle during the hop.
The minimum fDC value required to permit the particle
to hop at low but nonzero A is fDC ≈ 0.11. As A/B in-
creases, the x-component of the ac force also contributes
to the particle velocity during the hop, so the value of
fDC that must be applied to induce y-direction motion
drops, such that the particle velocity during the hop at
the onset of phase IIy remains roughly constant as A/B
increases.
Transition from IIy to Ip: As fd increases further
within Phase IIy, for A/B < 0.45, a transition to a reen-
trant pinned phase occurs. Here, the x-velocity of the
particle has increased enough that the particle is swept
past the minimum in the y-confining potential, y+
min
, be-
fore it has time to hop to the next plaquette. Thus the
particle returns to a pinned orbit. The IIy-Ip transition
line moves to higher fd with increasing A/B due to the
fact that the time required for the particle to complete
its hop to the next plaquette drops as A/B increases.
Therefore, a higher fDC is required to sweep the particle
past y+
min
before the hop is complete.
Transition from Ip to IVx: Beyond the second pinned
phase Ip, as fDC is further increased, the particle orbit is
shifted closer to the minimum in the x-confining potential
on the right side of the plaquette, x+
min
, and when the
combined ac and dc forces in the x-direction exceed the
potential strength at this minimum, the particle depins
in the positive x-direction. For A/B < 0.45, fDC at the
depinning transition decreases with increasing A/B due
to the fact that the ac force also contributes to the net
x-force on the particle. This contribution saturates at
A/B ≈ 0.45, when the IIy-Ip line meets the Ip-IVx line
and the reentrant phase disappears.
Transition from IIy to IVx, with a reentrant IIIx−y:
For A/B > 0.45, as fDC is increased, the particle mo-
tion leaves Phase IIy, passing briefly through a sliver of
Phase IIIx−y before entering phase IVx, with motion in
the x-direction only. Depinning of the particle in the
x-direction first occurs when the x-component of the ac
drive combined with fDC exceeds the x-confining force
of the potential at x+
min
. At this value of fDC , the par-
ticle is moving in both the x and y directions in phase
IIIx−y. Due to the x-motion of the particle, however, the
y-motion becomes unstable, and at slightly higher values
of fDC , the y-motion ends and the particle moves only
in the x-direction in phase IVx. As the drive is further
increased, stable y-motion becomes possible again, and
the particle enters a wide region of phase IIIx−y.
Transition from IIIx−y to IVx at high fDC : As fDC is
increased further, the y-direction motion of phase IIIx−y
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FIG. 4. Dynamic phase diagram for substrate lattice con-
stant a vs fDC for a system with A = B and ωA = ωB. Phase
Ip: pinned phase. Phase IIy: motion only in the y-direction.
Phase IIIx−y: motion at 45
◦. Phase IVx: motion only the in
x-direction.
ends when the particle orbit becomes so extended in the
x-direction due to the increased fDC that it can no longer
depin in the y-direction since it has moved away from the
y-minimum location y+
min
.
We next consider the effect of changing the density
of the system. We achieve this by performing a series
of simulations for fixed A/B = 1.0 while varying the
lattice constant of the periodic substrate and changing
the system size accordingly. This increases the effective
substrate strength since it increases the barrier to hop
from one plaquette to another. In Fig. 4 we show the
phase diagram of the substrate lattice constant a vs fDC .
We consider lattice constants ranging from 1.42λ to 1.8λ.
New dynamic phases appear for lattice constants outside
of this range. For smaller lattice constants a < 1.42, the
zero-dc drive orbits start to encircle two or more poten-
tial maxima. For larger lattice constants, a > 1.8, the
phases start to show disordered or chaotic behavior, and
Phases Ip to IVx become difficult to define. Fig. 4 shows
that the width of the pinned Phase Ip grows for denser
systems, as expected due to the increased barriers for
inter-plaquette jumps. It might be expected that Phase
IIy would grow for smaller a as the plaquettes shrink;
however, the increased repulsion caused by the shorter
distance between the potential maxima and the particle
causes the particle orbit to shrink as well. Both Phase IIy
and the first Phase IVx shrink with decreasing a, while
the second onset of Phase IVx occurs at a lower value of
fDC since the particle does not need to move as far in
the x-direction in order to reach the next plaquette.
We have also considered the effects of adding a phase
shift to the ac drives. We shift the phase of the x-
component of the ac drive by δ: A sin(ωAt+ δ)xˆ. This
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FIG. 5. Dynamic phase diagram for the phase shift δ in
units of 2/pi vs fDC for a system with ωA = ωB and A = B.
The phase shift is added to the x-component of the ac drive.
Phase Ip: pinned phase. Phase IIy: motion only in the
y-direction. Phase IIIx−y: motion at 45
◦. Phase IVx: motion
only the in x-direction.
causes the particle orbits to become tilted and elliptical.
We restrict ourselves to the region −0.05/pi < δ < 0.1/pi
in phase space where the four phases described above
occur. For larger shifts new phases can arise. In Fig. 5
we plot the phase diagram as a function of phase shift
δ vs fDC . At δ = pi/2 the ac orbit would be a straight
line along 45◦. Fig. 5 shows that as δ increases from
zero, which corresponds to the elliptical orbit being tilted
toward the right, Phase IIy increases in size and Phase Ip
decreases in size. For large enough shifts δ, Phase IIIx−y
disappears. For negative phase shifts a new region of
Phase IVx appears between Phases Ip and IIy. For large
enough negative phase shifts we observe a ratchet effect
in which the particle moves in the x-direction with zero
dc drive. We discuss this more in the next section. Also
for increasing negative phase shifts, Phase IIy decreases
in size while Phase IIIx−y increases in size.
IV. RATCHET EFFECTS
The elliptical ac drives in the previous sections pre-
serve the combined x and y reflection symmetries of the
system. ac drives with additional asymmetries can pro-
duce a net dc motion or ratchet effect in the absence of a
dc drive. We consider a system with fDC = 0 under an
asymmetric applied ac drive of the form
fAC = A[sin(ωAt) + sin
3(ωBt)]xˆ−B cos(ωBt)yˆ (3)
where ωB/ωA = 0.8. In Fig. 6(a) we plot Vy vs A for
constant B = 0.34 and fDC = 0. In this regime, Vx = 0.
There are a series of regions for increasing A that have
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FIG. 6. (a) Transverse velocity Vy/aωB vs A at fDC = 0
and B = 0.34 for a system with an asymmetric ac drive,
ωB/ωA = 0.8. (b) Longitudinal velocity Vx vs fDC for a
system at B/A = 0.7 showing a negative ratchet effect at
fDC < 0.0075. (c) Particle trajectory for a positive Vy orbit
from panel (a) at A = 0.285, B = 0.34, and fDC = 0. (d)
Particle trajectory for a negative Vy orbit from panel (a) at
A = 0.5, B = 0.34, and fDC = 0.
a finite dc value of Vy in both the positive and negative
direction, indicating a ratchet effect with velocity aωB/2.
In Fig. 6(c) we illustrate a positive Vy orbit from the sys-
tem in Fig. 6(a) at A = 0.285. The orbit has alternating
lobes which are angled in the positive y direction. In
Fig. 6(d) we show that the negative Vy orbit at A = 0.5
is composed of an alternating double rectangular orbit
which is tilted in the negative y direction.
We have also found ratchet regimes where there is a
finite dc velocity in the opposite direction of the applied
dc drive. In Fig. 6(b), we plot Vx vs fDC for a system
with fAC = A sin(ωAt)xˆ − B cos(ωBt)yˆ, B/A = 0.7, and
ωA/ωB = 1.85. Here there is a regime 0 < fDC < 0.0075
where the particle is moving backward with respect to the
dc drive, which is applied in the positive x-direction.
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FIG. 7. (a) and (b) Fx vs Fy for ac drives that produce
a ratchet effect.
(a) fAC = A sin(ωAt)xˆ + A sin(1.5ωAt)xˆ − B cos(1.5ωBt)yˆ,
A/B = 1, A = 1, and ωA/ωB = 1. (b) A ratchet effect pro-
duced by a phase shift: fAC = A sin(ωAt+ δ)xˆ−B cos(ωBt),
δ = 0.287, A/B = 1, and ωA/ωB = 1. (c) and (d) Fx
vs Fy for ac drives that do not produce a ratchet effect.
(c) fAC = A sin(ωAt)xˆ − B cos(ωBt)yˆ with A/B = 1 and
ωA/ωB = 1. (d) fAC = A sin(ωAt)xˆ − B cos(2ωBt)yˆ with
A/B = 1 and ωA/ωB = 1.
The system enters a pinned phase for 0.009 < fDC <
0.014 before beginning to move strictly in the positive
x-direction for fDC > 0.014. We note that this negative
velocity in opposition to the dc drive is not a negative
mobility regime. Instead it is a ratchet effect which can
persist for a range of opposite dc drive. The fact that
there is a finite negative velocity even at fDC = 0.0 as
seen in Fig. 6(b) shows that the dc drive is not causing
the net dc motion.
A basic question is what are the minimal ac drive cri-
teria required to produce a ratchet effect at fDC = 0.0.
In general we find that ratchet effects occur for ac drives
in which at least one of the spatial reflection symmetries
is broken. An example of a simple ac drive that pro-
duces a zero-dc ratchet effect is fAC = A sin(ωAt)xˆ +
A sin(1.5ωAt)xˆ − B cos(1.5ωBt)yˆ, with A/B = 1 and
ωA/ωB = 1. In Fig. 7(a) we plot Fx vs Fy for this ac
drive in the absence of a substrate with A = 1.0. In
Fig. 8(a) we show the particle motion over the substrate
for fDC = 0.0. The particle translates in the negative
y-direction. Fig. 7(a) shows that the ac drive breaks a
spatial symmetry across the y-axis. The orbit of the par-
ticle thus breaks an x-axis symmetry. In Fig. 7(c) we
plot Fx vs Fy for fAC = A sin(ωAt)xˆ−B cos(ωBt)yˆ with
A/B = 1 and ωA/ωB = 1, and in Fig. 7(d) we plot Fx vs
Fy for fAC = A sin(ωAt)xˆ−B cos(2ωBt)yˆ with A/B = 1
and ωA/ωB = 1. These drives do not produce a zero-dc
ratchet effect, and these orbits do not break
6
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FIG. 8. The particle trajectories (black line) for a fixed
time interval and fDC = 0.0 for motion in a 2D peri-
odic substrate with potential maxima located at the black
dots. (a) A ratchet effect due to the breaking of a re-
flection symmetry. The particle moves in the negative
y-direction when driven with the ac drive shown in Fig. 7(a),
fAC = A sin(ωAt)xˆ + A sin(1.5ωAt)xˆ − B cos(1.5ωBt)yˆ,
A/B = 1, ωA/ωB = 1. (b) A ratchet effect produced by the
addition of a phase shift. The particle moves in the positive
x-direction when driven with the ac drive shown in Fig. 7(b),
fAC = A sin(ωAt + δ)xˆ − B cos(ωBt), δ = 0.287, A/B = 1,
and ωA/ωB = 1.
a reflection symmetry. As indicated in the phase dia-
gram of Fig. 6, the addition of a phase shift to the ac
drive in the x-direction produces another simple ac drive
that exhibits a zero-dc ratchet effect. In Fig. 8(b) we
show a particle orbit under the addition of a negative
phase shift, fAC = A sin(ωAt + δ)xˆ − B cos(ωBt) with
δ = 0.287, A/B = 1, and ωA/ωB = 1, that produces
a zero-dc ratchet effect in the x-direction. Fx vs. Fy
for this orbit is illustrated in Fig. 7(b). The ac drive in
Fig. 7(b) breaks both the x and y reflection symmetries.
We note that even if an ac drive breaks a reflection sym-
metry it does not necessarily produce a zero-dc ratchet.
However, we have never observed zero-dc ratcheting for
symmetrical ac drives.
V. SUMMARY
We have presented a simple model of a particle driven
in a two-dimensional symmetric periodic substrate with
an elliptical ac drive. In certain regimes, the particle
moves strictly in the y-direction when the dc drive is ap-
plied in the x-direction. We term this effect absolute
transverse mobility. Additionally we have mapped sev-
eral dynamic phase diagrams for this system, which fea-
ture a number of dynamical phases including simultane-
ous motion in the x and y direction, as well as a reentrant
pinned phase. For ac drives which produce asymmetric
orbits, net dc motion or a zero-dc ratchet effect can arise
in the absence of an applied dc drive. Our results can
be tested experimentally and have useful applications for
controlling flux motion in superconductors, colloids in
optical trap arrays, and biomolecules moving through a
periodic obstacle array.
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